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GENERALIZATION OF FROBENIUS’ THEOREM FOR GROUP
DETERMINANTS
NAOYA YAMAGUCHI
ABSTRACT. Frobenius built a representation theory of finite groups in the
process of obtaining the irreducible factorization of the group determinant.
Here, we give a generalization of Frobenius’ theorem. The generalization
leads to a corollary on irreducible representations of finite groups.
1. INTRODUCTION
In this paper, we give a generalization of Frobenius’ theorem. In addition, the
generalization leads to a corollary on irreducible representations of finite groups.
Let G be a finite group, Ĝ a complete set of irreducible representations of G
over C, and R = C[xg] = C[xg; g ∈ G] the polynomial ring in {xg | g ∈ G}
with coefficients in C. The group determinant Θ(G) ∈ R is the determinant of
a matrix whose elements are independent variables xg corresponding to g ∈ G.
Frobenius proved the following theorem about the irreducible factorization of the
group determinant.
Theorem 1 (Frobenius [2]). Let G be a finite group, for which we have the irre-
ducible factorization,
Θ(G) =
∏
ϕ∈Ĝ
det
∑
g∈G
ϕ(g)xg
degϕ.
Frobenius built a representation theory of finite groups in the process of obtaining
Theorem 1. Here, we give a generalization of Theorem 1, i.e., a generalization of
Frobenius’ theorem. The theorem is as follows.
Theorem 2 (Generalization of Forbenius’ theorem). Let G be a finite group, H
a subgroup of G, L a left regular representation from RG to Mat([G : H ], RH),
α =
∑
g∈G xgg ∈ RG, and L(α) =
∑
h∈H Chh, where Ch ∈Mat([G : H ], R). Then,
we have
Θ(G) =
∏
ψ∈Ĥ
det
(∑
h∈H
ψ(h)⊗ C
F[G:H]
h
)degψ
.
Theorem 2 leads to the following corollary.
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Corollary 3. Let G be a finite group and H a subgroup of G. For all ϕ ∈ Ĝ, we
have
degϕ ≤ [G : H ]×max
{
degψ | ψ ∈ Ĥ
}
.
Theorem 2 is obtained by using left regular representations of the group algebra.
In Section 3, we review the left regular representation and properties of the left
regular representation needed for proving Theorem 2. The last section proves a
generalization of Theorem 1.
2. Group determinant
Let G be a finite group, {xg | g ∈ G} be independent commuting variables, and
R = C[xg] = C[xg; g ∈ G] the polynomial ring in {xg |g ∈ G} with coefficients in C.
The group determinant Θ(G) is the determinant of the |G|×|G| matrix (xg,h)g,h∈G,
where xg,h = xgh−1 for g, h ∈ G, and it is thus a homogeneous polynomial of degree
|G| in xg. Frobenius proved the following theorem about the factorization of the
group determinant.
Theorem 4 (Frobenius [2]). Let G be a finite group, for which we have the irre-
ducible factorization,
Θ(G) =
∏
ϕ∈Ĝ
det
∑
g∈G
ϕ(g)xg
degϕ.
The above equation holds from the following theorem.
Theorem 5 ([7, Theorem 4.4.4]). Let G be a finite group, {ϕ1, ϕ2, . . . , ϕs} a com-
plete set of inequivalent irreducible representations of G, di = degϕi, and LG the
left regular representation of G. Then,
LG ∼ d1ϕ1 ⊕ d2ϕ2 ⊕ · · · ⊕ dsϕs.
3. Prepare for the main result
Here, we review the left regular representation of the group algebra and describe
some of the properties of the left regular representation that will be needed later.
Let R be a commutative ring, G a group, H a subgroup of G of finite index, and
RG the group algebra of G over R whose elements are all possible finite sums of
the form
∑
g∈G agg, where ag ∈ R. We take a complete set T = {t1, t2, . . . , t[G:H]}
of left coset representatives of H in G, where [G : H ] is the index of H in G.
Definition 6 (Left regular representation). For all A ∈ Mat(m,RG), there exists
a unique LT (A) ∈Mat(m[G : H ], RH) such that
A(t1Im t2Im · · · t[G:H]Im) = (t1Im t2Im · · · t[G:H]Im)LT (A).
We call the map LT : Mat(m,RG) ∋ A 7→ LT (A) ∈ Mat(m[G : H ], RH) the left
regular representation from Mat(m,RG) to Mat(m[G : H ], RH) with respect to T .
Obviously, LT is an injective R-algebra homomorphism.
To give an expression for LT when H is a normal subgroup of G, we will use
the Kronecker product. Let A = (aij)1≤i≤m1,1≤j≤n1 be an m1 × n1 matrix and
3B = (bij)1≤i≤m2,1≤j≤n2 an m2 × n2 matrix. The Kronecker product A ⊗ B is the
(m1m2)× (n1n2) matrix
A⊗B =

a11B a12B · · · a1n1B
a21B a22B · · · a2n1B
...
...
. . .
...
am11B am12B · · · am1n1B
 .
Let
P =

t1Im
t2Im
. . .
t[G:H]Im
 .
Now, we have the following lemma.
Lemma 7 ([12, Lemma 12]). Let H be a normal subgroup of G, LT the left regular
representation from Mat(m,RG) to Mat(m[G : H ], RH) with respect to T , LG/H
the left regular representation from R(G/H) to Mat(|G/H |, R{eH}) with respect to
G/H, and A =
∑
t∈T tAt ∈ Mat(m,RG), where At ∈ Mat(m,RH). Accordingly,
we have
LT (A) = P
−1
(∑
t∈T
LG/H(tH)⊗ tAt
)
P.
Let K ⊂ H ⊂ G be a sequence of groups, H = u1K ∪ u2K ∪ · · · ∪ u[H:K] and
U = {u1, u2, . . . , u[H:K]}. We can now prove the following theorem.
Lemma 8 ([12, Lemma 13]). Let LT : Mat(m,RG)→ Mat(m[G : H ], RH) the rep-
resentation with respect of T and LU : Mat(m[G : H ], RH)→ Mat(m[G : K], RK)
the representation with respect of U . Then there exists a unique representation LV
from Mat(m,RG) to Mat(m[G : K], R{e}) with respect to V such that
LV = LU ◦ LT
where V = {v1, v2, . . . , v[G:K]} is a complete set of left coset representatives of K
in G
The following lemma connects the left regular representation with the group
determinant.
Lemma 9 ([12, Lemma 24]). Let G be a finite group, Θ(G) the group determi-
nant of G, α =
∑
g∈G xgg ∈ RG, and L : RG → Mat(|G|, R{e}) a left regular
representation. We have
(det ◦ L)(α) = Θ(G)e.
4. Generalization of Frobenius’ theorem
Here, we prove the generalization of Frobenius’ theorem. In addition, the proof
leads to a corollary on irreducible representations of finite groups.
We define Fm : Mat(m,RG)→ Mat(m,R) by
Fm
∑
g∈G
xij(g)g

1≤i≤m,1≤j≤m
 =
∑
g∈G
xij(g)

1≤i≤m,1≤j≤m
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where xij(g) ∈ R. We denote Fm(A) by A
Fm for all A ∈ Mat(m,RG). Then, Fm
is an R-algebra homomorphism that satisfies with det ◦ Fm = F1 ◦ det .
Let G be a finite group and K a normal subgroup of G and H . The lemmas will
be needed later.
Lemma 10. Let H be a normal subgroup of G, L a left regular representation from
Mat(m,RG) to Mat(m[G : H ], RH), and A =
∑
t∈T tAt, where At ∈Mat(m,RH).
We have
(DetA)F1 = (det ◦ Fm[G:H] ◦ L)(A)
=
∏
ϕ∈Ĝ/H
det
(∑
t∈T
ϕ(tH)⊗AFmt
)
.
Proof. Let L ∼ ϕ′1 ⊕ ϕ
′
2 ⊕ · · · ⊕ ϕ
′
s′ where ϕ
′
i is an irreducible representation of G.
From Lemma 7 and Theorem 5, we find that
(det ◦ Fm[G:H] ◦ L)(A)
= det
(
P−1
(∑
t∈T
LG/H(tH)⊗ tAt
)
P
)Fm[G:H]
= det
∑
t∈T


ϕ′1(tH)
ϕ′2(tH)
. . .
ϕ′s′(tH)
⊗AFmt


=
∏
ϕ∈Ĝ/H
det
(∑
t∈T
ϕ(tH)⊗AFmt
)degϕ
.
This completes the proof. 
Lemma 11. Let L : Mat(m,RG) → Mat(m[G : H ], RH) be a left regular repre-
sentation, A =
∑
v∈V vBv, and L(A) =
∑
u∈U uCu, where Bv ∈ Mat(m,RK) and
Cu ∈ Mat(m[G : H ], RK). We have
∏
ϕ∈Ĝ/K
det
(∑
v∈V
ϕ(vK)⊗BFmv
)degϕ
=
∏
ψ∈Ĥ/K
det
(∑
u∈U
ψ(uK)⊗ C
Fm[G:H]
u
)degψ
.
5Proof. From Lemma 8 and 10, we have
∏
ϕ∈Ĝ/K
det
(∑
v∈V
ϕ(vK)⊗BFmv
)degϕ
= (det ◦ Fm[G:K] ◦ LV )(A)
= (det ◦ Fm[G:K] ◦ LU ◦ LT )(A)
= (det ◦ Fm[G:K] ◦ LU ◦ L)(A)
= (det ◦ Fm[G:K] ◦ LU )
(∑
u∈U
uCu
)
=
∏
ψ∈Ĥ/K
det
(∑
u∈U
ψ(uK)⊗ C
Fm[G:H]
u
)degψ
This completes the proof. 
The following is the proof of the generalization of Frobenius’ theorem.
Theorem 12. Let G be a finite group, Θ(G) the group determinant of G, H a
subgroup of G, L a left regular representation from RG to Mat([G : H ], RH),
α =
∑
g∈G xgg ∈ RG, and L(α) =
∑
h∈H Chh, where Ch ∈ Mat([G : H ], R). We
have
Θ(G) =
∏
ψ∈Ĥ
det
(∑
h∈H
ψ(h)⊗ C
F[G:H]
h
)degψ
.
Proof. For all v ∈ V , there exists Bv ∈ Mat(m,R{e}) such that
Θ(G) = (Θ(G)e)F1
=
∏
ϕ∈Ĝ/{e}
det
(∑
v∈V
ϕ(vK)⊗BF1v
)degϕ
=
∏
ψ∈Ĥ/{e}
det
(∑
u∈U
ψ(u{e})⊗ C
F[G:H]
u
)degψ
=
∏
ϕ∈Ĥ
det
(∑
h∈H
ψ(h)⊗ C
F[G:H]
u
)degψ
from Lemma 9, 10 and 11. 
The polynomia ring C[xg] is a unique factorization domain. Therefore, we have
the following corollary from Theorem 4 and 12.
Corollary 13. Let G be a finite group and H a subgroup of G. For all ϕ ∈ Ĝ, we
have
degϕ ≤ [G : H ]×max
{
degψ | ψ ∈ Ĥ
}
.
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Proof. We have
degϕ = deg
det
∑
g∈G
ϕ(g)xg

≤ max
{
deg
(
det
(∑
h∈H
ψ(h)⊗ C
F[G:H]
u
))
| ψ ∈ Ĥ
}
= max
{
degψ × [G : H ] | ψ ∈ Ĥ
}
= [G : H ]×max
{
degψ | ψ ∈ Ĥ
}
.
This completes the proof. 
Remark that Corollary 13 follows from Frobenius reciprocity[6].
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